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We investigate a modified spatial stochastic Lotka-Volterra formulation of the rock-paper-scissors
model using off-lattice stochastic simulations. In this model one of the species moves preferentially
in a specific direction — the level of preference being controlled by a noise strength parameter
η ∈ [0, 1] (η = 0 and η = 1 corresponding to total preference and no preference, respectively) —
while the other two species have no preferred direction of motion. We study the behaviour of the
system starting from random initial conditions, showing that the species with asymmetric mobility
has always an advantage over its predator. We also determine the optimal value of the noise strength
parameter which gives the maximum advantage to that species. Finally, we find that the critical
number of individuals, below which the probability of extinction becomes significant, decreases as
the noise level increases, thus showing that the addition of a preferred mobility direction studied in
the present paper does not favour coexistence.
I. INTRODUCTION
Cyclic predator-prey models, also known as rock-
paper-scissors (RPS) models [1, 2], have provided insight
into the role of non-hierarchical competition interactions
in the preservation of coexistence, successfully reproduc-
ing some of the main properties of simple biological sys-
tems with cyclic selection [1, 3, 4]. The simplest mod-
els in this class describe the dynamics of a three species
population subject to cyclic interspecific competition (see
also [5–23] for generalizations of the standard RPS model
involving additional species and interactions and [24, 25]
for recent reviews).
The role of mobility has been the subject of many stud-
ies which have shown that it may promote or jeopardize
biodiversity (see, e.g., [2]). Although most of these stud-
ies considered a uniform isotropic mobility, it has been
shown in [21] that a non-uniform anisotropic mobility
may affect coexistence in a (four state) May-Leonard
formulation of the RPS model using lattice based sim-
ulations. In this model the direction of motion for each
individual was assumed to be the one with a larger den-
sity of preys in the surrounding neighborhood. In this
context, anisotropic mobility has been shown to have a
profound impact on the dynamics of the population and
on the emerging spatial patterns.
In the present paper rather than attempting to simu-
late the ability of individuals to detect surrounding prey
using their senses, as done in [21], we investigate the po-
tential impact of strong correlations between the motion
of individuals in a given (large) neighbourhood. This is
generally observed in nature, specially among the most
developed species, as a result of predator-prey interac-
tions. To this end, we shall investigate modified spatial
stochastic RPS models in which individuals of one of the
species move preferentially in a specific direction while
the other two species have an isotropic mobility. In the
present paper we shall consider a (three state) Lotka-
Volterra formulation of the RPS model and perform off-
lattice stochastic simulations, which, unlike lattice based
ones, allow individuals to move in a continuous spatial
area (see [26–30] for numerical studies using simulations
of this type).
The outline of this paper is as follows. In Sec. II we
start by describing the RPS models with a preferred mo-
bility direction that shall be investigated here. In Sec. III
we present the results, characterizing the main features
associated to the time and spatial dynamics of the popu-
lations and showing how the existence of a preferred mo-
bility direction of one species investigated in the present
paper can both have a positive impact on that species
abundance and a negative impact on the preservation of
coexistence. Finally, we conclude in Sec. IV.
II. THE MODEL
Here, we consider a modified spatial stochastic Lotka-
Volterra formulation of the RPS model. To this end, we
shall perform off-lattice simulations in which the individ-
uals of the various species (labelled by the letters A, B
and C) are initially randomly distributed in a square-
shaped cell of linear size, L, with periodic boundary con-
ditions. At the start of the simulations the number of
individuals of any of the three different species is the
same (NA = NB = NC = N/3, where N represents
the total number of individuals). The fractional abun-
dance of individuals shall be defined by ρi = Ni/N , with
i ∈ A,B,C.
At each simulation time step, a single individual (ac-
tive) is chosen at random and one action — either mo-
bility or predation — is selected, with any of these two
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Figure 1: Illustration of non-hierarchical predator-prey inter-
actions in RPS models.
possible actions carrying the same probability. Figure 1
shows the standard scheme of cyclic predation employed
in our model: A predates B, B predates C, and C pre-
dates A. Whenever predation is selected a circle with
radius ` is drawn around the active individual and the
nearest prey, if it exists, is replaced by an individual
of the same species of the active individual — if there
is no prey inside the circle then nothing happens (note
that in a Lotka-Volterra formulation of the RPS model,
predation and reproduction take place simultaneously).
On the other hand, if mobility is selected and the ac-
tive individual belongs to species B (blue) or C (yel-
low), then it moves in a random direction with a step
size ` = 2 × 10−2. If the active individual belongs to
species A (red) then we shall consider two possible mo-
bility implementations, which shall be referred as model
I and model II. In model I the random direction asso-
ciated to the mobility of species A is restricted to an
angle ∆θ = ξ(t) × η around the xˆ direction, where ξ is
a random variable uniformly distributed on [−pi : pi) and
η ∈ [0, 1] is the noise strength. Note that for η = 1
there is no preferred direction of motion while for η = 0
the individuals of the species A move always in the same
xˆ direction. Model II, inspired in Vicsek’s model [26], is
similar to model I, except that the xˆ direction is replaced
by the average direction of motion of the individuals in a
neighborhood of radius r of the selected individual of the
species A — for the sake of definiteness we shall consider
r = 0.2 throughout the paper, except if stated otherwise.
One generation is defined as the time necessary for N
actions to take place.
Except for the special case discussed in Figure 3, all
simulations performed in the present paper consider ran-
dom initial conditions and have a total time span of
1.1 × 104 generations — the first 103 generations being
discarded in the derivation of our main results. The to-
tal number of individuals considered in the simulations is
N = 3×104, except in the study of extinction probability
where different values in the interval [99, 9999] have been
employed.
III. RESULTS
Figure 2 presents three off-lattice simulation snapshots
taken after 5×103 generations, considering: (a) the RPS
(a)
(b) (c)
Figure 2: Snapshots of spatial stochastic Lotka-Volterra nu-
merical off-lattice simulations of RPS models with a preferred
mobility direction. The snapshots were taken after 5 × 103
generations of simulations with 3 × 104 individuals and ran-
dom initial conditions, considering: (a) the RPS model with
isotropic mobility — η = 1.0 (b) model I with η = 0.1 (c)
model II with η = 0.1.
model with isotropic mobility (η = 1.0) [30] (b) model I
with η = 0.1 (c) model II with η = 0.1. Note that the
distinct spiral patterns present in the top panel of Fig. 2
(case (a)) are absent in the two bottom panels (cases (b)
and (c)). On the other hand, the characteristic size of the
spatial structures seems to decrease with η, being larger
in cases (b) and (c) than in case (a). Also, in cases (b)
and (c) there are regions with a large density of empty
patches that do not seem to occur in case (a).
In order to get a better understanding of the process
responsible for the formation of regions with a high den-
sity of empty patches we consider a simulation of model I
with η = 0.1 in which individuals from the three species
were initially distributed along three vertical strips (red,
blue, yellow, respectively) as shown in Fig. 3. The pre-
ferred mobility of the red species in the xˆ direction is
responsible for an initial fast decrease of the blue species
population and for the high density of empty patches in
the boundary region separating the yellow and red species
populations. When the blue region gets sufficiently thin
it becomes permeable to the passage of individuals of the
yellow species which end up engulfing the individuals of
the red species until it finally becomes extinct.
The evolution of the fractional abundances ρi of the
various species as a function of time is displayed in Figure
4 for a single realization of model I considering η = 1 (top
panel) and η = 0.7 (bottom panel), and random initial
conditions. Figure 4 shows that for η = 1 (top panel)
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Figure 3: Snapshots of the evolution of a single Lotka-Volterra
off-lattice simulation of a RPS model with a preferred mobility
direction (model I, with η = 0.1 and N = 3×104), considering
the initial configuration shown in the top left panel. The sub-
sequent snapshots were taken after 10, 20, and 30 generations
(top right, bottom left and bottom right panels, respectively).
After 30 generations the red species is extinguished.
all the abundances oscillate around the common average
value of 1/3, while for η = 0.7 there is a clear advantage of
the species A, both over its prey and its predator species.
Moreover, the characteristic time and amplitude of the
oscillations is larger in the case with η = 0.7 than in
the case with η = 1. This is associated to the larger
characteristic size of the spatial structures in the former
case. The oscillations are also less sinusoidal for η = 0.7
compared with the case with η = 1.
The dependence of the characteristic frequency on η
may be further quantified using the power spectrum. The
temporal discrete Fourier transform is defined as
ρ(f) =
NG−1∑
t=0
ρ(t)e−2piitf/NG , (1)
where ρ(t) is the fractional abundance of a species, NG =
104 generations and f is the frequency. Figure 5 displays
the power spectrum 〈|ρA(f)|2〉 for the time evolution of
the fractional abundance ρA of the red species for the
cases with η = 0.7 (solid green line) and η = 1 (solid ma-
genta line). It shows that maximum of the power occurs
at a smaller frequency — referred to as the fundamental
frequency or first harmonic — in the presence of a pre-
ferred directional mobility for species A (η = 0.7) than
in the case where the mobility of all species is isotropic
(η = 1). On the other hand, the width of the power
spectrum is larger in the former than in the later case.
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Figure 4: Evolution of the fractional abundances ρi of the
various species as a function of time for a single realization
of our model considering η = 1.0 (top panel) and η = 0.7
(bottom panel), and random initial conditions.
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Figure 5: Power spectrum 〈|ρA(f)|2〉 for the time evolution of
the fractional abundance ρA of the red species for the cases
with η = 0.7 (solid green line) and η = 1 (solid magenta line).
The inset highlights the power around the second harmonic.
These properties of the power spectrum are a result of
the larger characteristic time, size and amplitude of the
oscillations observed for η = 0.7. The inset in Figure 5
highlights the power around the second harmonic. Note
that the peak ratio between the first and second harmon-
ics is larger for η = 1 than for η = 0.7, which is associated
to the less sinusoidal nature of the later case compared
to the former one (see [31, 32] for an application of the
peak ratios in an astrophysical context).
We also consider the dependency of the average frac-
tional abundances 〈ρi〉 of the various species on the noise
parameter η. To this end, we perform simulations with a
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Figure 6: The average fractional abundances 〈ρi〉 of the
species i = A, B and C obtained for model I (top panel)
and model II (bottom panel) as a function of the noise pa-
rameter η. All simulations have a total number of individuals
N equal to 3 × 104 and the average was performed over the
last 5×104 generations of simulations with a time span equal
to 5.1× 104 generations. Notice that in both cases for η < 1
the species with an anisotropic mobility (species A) always
has an advantage over its predator (species C).
total number of individualsN equal to 3×104 — the aver-
age abundances are computed considering a time average
over the last 5×104 generations of simulations with a time
span equal to 5.1 × 104 generations. Figure 6 shows the
average fractional abundances 〈ρi〉 of the species i = A,
B and C obtained for model I (top panel) and model II
(bottom panel) as a function of the noise parameter η.
Although for maximum noise strength (η = 1) all species
have the same average fractional abundance, for η < 1
the species with an anisotropic mobility (species A) al-
ways has an advantage over its predator (species C) in
both model I and model II (in model I the maximum
advantage of the red species occurs for a noise strength
η ∼ 0.7, while for model II it occurs for a value of η
closer to unity). The results for model I and model II are
qualitatively similar, except for values of η close to unity.
We also verified that for r ∼> 0.5 models I and II produce
similar results.
For large values of the noise strength (0.35 ∼< η ∼< 1)
the red species is the dominant one, surpassing both its
prey and its predator. For small values of the noise
strength (η ∼< 0.35) the preying efficiency of the red
species is negatively affected by the anisotropic mobil-
ity and the blue species becomes the most abundant (at
the expense of the yellow species). Species C and species
B are the least abundant for η ∼< 0.6 and 0.6 ∼< η ∼< 1,
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Figure 7: The extinction probability P is depicted as a func-
tion of the total number of individuals N . Each point was
obtained from 103 simulations. Notice, that the critical num-
ber of individuals, below which the probability of extinction
becomes significant, decreases as η increases. This result im-
plies that the anisotropic mobility considered in the present
paper does not favour coexistence.
respectively.
The impact of the existence of a preferred mobility di-
rection (for species A) on coexistence may be studied by
estimating the extinction probability P as a function of
the number of individuals N . This is shown in Fig. 7.
Each point was obtained from 103 simulations and, conse-
quently, the one-sigma uncertainty in the value of P may
be estimated as [P (1 − P )/103]1/2, with a maximum of
approximately 0.016 for P = 0.5. Figure 7 shows that the
critical number of individuals below which the probabil-
ity of extinction becomes significant decreases as the level
of anisotropy decreases (or, equivalently, as η increases)
— note that the results obtained for η = 1.0 agree well
with those presented in [30]. However, for η = 0.7 a
greater number of individuals is necessary in order for
extinction to be avoided. In fact, we have found that the
critical number of individuals Nc above which the prob-
ability of extinction becomes significant (P (Nc) ≡ 0.5) is
approximately equal to Nc = 9.4 × 102 for η = 1.0, and
Nc = 1.2× 103 for η = 0.7. This behaviour implies that
the preferred mobility direction of species A considered
in the present paper does not favour coexistence.
IV. CONCLUSIONS
In this work we investigated the dynamics of a pop-
ulation of individuals from three different species in the
context of a spatial stochastic Lotka-Volterra formula-
tion of the RPS model where one of the species has
a preferred mobility direction. This has been accom-
plished using off-lattice stochastic simulations, starting
from random initial conditions. We have shown that the
anisotropic mobility has a significant impact on the spa-
tial patterns which form as a result of the population dy-
namics, with the distinct spiral patterns, common in the
isotropic case, becoming unrecognizable in the present of
a significant asymmetric mobility. We characterized the
relative abundance of the three species as a function of
5the noise level, showing, in particular, that the species
with asymmetric mobility has always an advantage over
its predator. We have also determined the optimal value
of the noise strength parameter which is associated to the
maximum advantage of that species relative to the other
two. Finally, we have found that the threshold number
of individuals, below which the probability of extinction
becomes significant, decreases as the noise level increases,
thus showing that the preferred mobility direction stud-
ied in the present paper does not favour coexistence.
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